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SOME SHRINKAGE ESTIMATORS FOR ESTIMATING
THE STANDARD DEVIATION AND ITS INVERSE FOR
NORMAL PARENT
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ABSTRACT

Shrunken estimator has its importance in the small sample theory when
appropriate prior information about the unknown parameter is supposed to be
known. The present paper investigates classes of shrunken estimators for

estimating standard deviation (o ) and its inverse (0_1 ) in the case of univariate

normal parent. The need to study these parameters arises due to their importance
to estimate different parametric functions such as Mean Deviation about Mean

(G,/i% i), Process Capability Index (C,), Standard Deviation (o ), Standard

(o2
Error of Mean | —

Jn
using the prior information or guessed value of ¢ . Simulation studies confirm
the high efficiency of the developed classes of shrunken estimators when

compared with their usual unbiased estimators and minimum mean squared error
(MMSE) estimators.

j, Coefficient of Variation (C.V) with known mean etc.,

Key words: Bias, Gauss-Laguerre integration method, Mean Squared Error,
Normal parent, Percent Relative Efficiency (PRE), Prior information.

1. Introduction

The normal distribution has dominated statistical practice as well as theory.
Any variable whose expression results from the additive contribution of many
small effects will tend to be normally distributed. For measurements whose
distributions are not normal, a simple transformation of the scale of measurement
may induce approximate normality. The square root, and logarithm In(x) are often
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used as such transformations, so normal distribution is very important in
statistical point of views.

1.1.The Model

Let x; x; .. x, be a random sample of size n, drawn from population
N(u,0?), the probability distribution function (pdf) of which is given by

1

.f(x;u,02)={02”

0 , otherwise .

_ 2
s (=2 e .o

(1.1
4 is the mean and o is the standard deviation.

1.2.Classical Estimators

It is desired to estimate standard deviation (S.D) o and its inverse ¢
The conventional unbiased estimators of ¢ and o™ are respectively given by

Tio) = c,(n)s (1.2)
and
To) = cy(m)s™ (13)
where
1 F(("‘”)
cl(n) :[H—IJZ 2
) T 0.9
[} 1)
c,(n) _( 5 j 1—‘((";2)) (1.5)
and

s* 2 I S —5V 'h—:ln
( )Z(xl x) with X n;x.

The variance of T(M) and T(u o) are respectively given by
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Var{T, .} = v,(n)o?

(1.6)

and
Var{T(u’U,l)} = vz(n)(l/az) (1.7)

where

vi(n) =[(c,(m)* ~1] (1.8)
v, (n) =[c;(n) —1] (1.9)

and

F(n—3jr(n—lj

cy(n) = 2 2 . (1.10)

Fz n-— 2
2
The minimum mean squared error (MMSE) estimator in the class Qp=bs (b,

being suitably chosen constant such that mean squared error (MSE) of Q, is
minimum) is defined by

T s
o) T , 1.11
(MMSE o) ¢ (n) ( )
with bias and MSE
. v, (n)
Bias{T, =—-0] ——
{ (MMSE,a)} { v, (n)+ 1} (1.12)
and
v, (1)
MSE{T{yp55.0)| = 0 {m} (1.13)
1
respectively.
From (1.6) and (1.13), we have
2
v, (n
Var{Ti, o)} ~ MSE{Tyuse)f = {%}a >0, (L14)
1

which gives the inequality
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Var{T,.,} > MSE{\T se0)) - (1.15)

Thus the MMSE estimator 7, ) is more efficient than unbiased estimator
T

Further the MMSE estimator in the class of estimators dy+= % (M*, being

suitably chosen constant such that MSE of dy- is least) is given by

1
T'(MMSE,U’I) = 64(’7)(;) , (1.16)

n—-2
where €4 (n) _ [ 2 ) F(T) .
n=1) ()
The bias and MSE are respectively given by

. __l v,(n)

Bias {T'(MMSE,U")} T {—Vz () + 1} (1.17)
and

_ L) v

MSE{T‘(MMSE,O’")} ) {vz(n) N 1} : (1.18)
From (1.10) and (1.18) we have
_ L inmmf

VariT, | MSE\T, |~ ?{W} >0,  (1.19)

which yields the inequality
MSE(T]

MMSE,U”)}

< Var {T(“»ff”)} . (1.20)

Thus, the MMSE estimator T( is more efficient than unbiased

MMSE,a")
estimator T(M o) Experimenter often possesses some knowledge of experimental

conditions based on the acquaintance with the behaviour of the system under
consideration or from past experience or from some extraneous source, and is thus
in a position to give an adequate guess or an initial estimate, say 0, of the value of
the unknown parameter 6. Thompson (1968 a, b) developed shrinkage estimator
for the mean, Pandey and Singh (1977 a) studied the performance of the
shrinkage estimator of the variance and many more authors Pandey (1979), Jani
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(1991), Gangele and Singh (1994), Kourouklis (1994), Singh and Singh (1997),
Singh et al. (1999, 2004), Singh and Saxena (2003 a, b, c, d) , Joshi (2005) ,
Singh and Chander (2007 a, b, c, d, e) have introduced shrinkage estimators for
the parameters of normal/non-normal parents using prior knowledge of the
unknown parameters.

In the present paper we have investigated some classes of shrinkage

estimators for estimating standard deviation (& ) and its inverse (o ') in the case
of univariate normal parent. The problem of estimating these parameters arises
due to their importance in estimating different parametric functions such as Mean

Deviation about Mean {011(;2)} , Process Capability Index (C,), Standard

(e

Deviation (o ), Standard Error of Mean {F} , Coefficient of Variation (C.V)

with known mean etc., using the prior information or guessed value of o .
Simulation studies confirm the high efficiency of the developed classes of

shrunken estimators when compared with their usual unbiased estimators and
(MMSE) estimators.

2. The proposed class of shrinkage estimators for S.D. o

Let o, be the guessed value of o available from the past experience. Then
we define a class of estimators for o as

T(S,g): k.]—iu,a) +(1 - k )O-O
=k (T = 7+, @1

where k isascalarsuchthat 0 <k <1 .

The bias and MSE of T(M) are respectively given by

Bias{T,\} = {E(T,.)) -0} =oa-iy* -1 2.2)

and

MSE\T, )} = Var{T,, | + {B"C'S{T(s,a)}}z
=26 [(c,(n)? =1]+c (1= k Y (A -1)

=2 [K2[(c,(m)* =1]+(1= k Y (A -1)"]
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= G2[i2v(n) + (1= k ¥ (A -1, (2.3)

A o
where 7 =% |
o

From (1.6) and (2.3), we have
Var{T, ) — MSE{T o)} = o v =k vi(n) — (1= & V(2 1)

= o2 v () (1=K ) = (1= & (A -177],
which is positive if

[v,(m) (1=k7) = (1= k Y(A -1)]>0,
ie if [v,(m)(1+ k)= (1= k YA =1))]>0, (1- k )>0
e if & [v,(m)+H A =1Y1>[(A =1 = v,(n)]

ie if k> {(’i _l)z_vl(”)}

1 + v,(n)

~ 2

A-1) - ..

ie. {( — )2 e (")} <k<1 . (2.4)
(/1 - 1) + v, (n)

Further, from (1.13) and (2.3), we have

8]

—
o)

(n)
MSE {T(MMSE,G)} - MSE{T(M)} — 2 {%}

— kv () ~(1= k V(A -1)>0

it £ {0240 (2K (A1) + (1) {1:}(2)}%

i.e. (a-b) < k <(atb) 2.5)

where
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(A-1)
v+ (-1

vi(m A2 = 2) _
b= ﬁlﬂq(n) {vl(n)+(/€—1)2} ,0<A <2.

2.1.Numerical Illustrations

To see the performance of the proposed estimator T(M) over the usual

unbiased estimator T(M’J) and MMSE estimator T( MMSE,o) > We have computed the

percentage relative efficiencies (PRE’s) of T(M) with respect to T(M’G)and
T smsse. o) using the formulae:
MSE Var T,
PRET, 1), T},)f = { (”)}*100 = o) *100
MSE(T..| MSEAT, .}
1 * (2.6)
= 100 2.6
.. _ AV Y
B o) -0 (1)
and
MSENT, "
PRE\T,, 1), T = e )}*100
MSET, )|
_ () *100 | @7

o+ (= (2 = 1) j1n o)

for different values of & , y) , n and findings are displayed in Table 2.2. It is
observed from the Table 2.2 that:
(a) the proposed estimator T(M) is better than the usual unbiased estimator

T, and the MMSE estimator 7, ,) With substantial gain in

efficiency when Ae [0.70,1.30] and ke [0.25,0.75] .
(b) larger gain in efficiency is observed when the sample size n is small.
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(c) for fixed k and n, the value of PRE decreases as 4 goes away form
unity.
(d) for fixed k£ and A , the value of PRE decreases as n increases.

(e) the gain in efficiency by using 7|, ,jover MMSE estimator T{,; ) is

fewer than by using 7|, ) over the unbiased estimator 7|, ).

Thus, the proposed estimator is more beneficial when o, the guessed value

is in the vicinity of the true value of o and when the sample size n is small. In
practice, when the observations are expensive, such small sample sizes may be all
that are available.

We have also computed the range of k (for different values of n and y) ) in
which the suggested estimator 7, ) is better than T{, ;)and T{, ) using the
expressions (2.4) and (2.5) respectively and the results are tabled in Table 2.1. It
is observed from Table 2.1 that the effective range of k become shorter as

sample size n goes up for fixed y) , also for fixed n the effective range becomes
shorter as 4 goes away from unity.
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Table 2.1 Range of k for which the proposed estimator T(M)

Ti, ) and MMSE estimator T{,: )

1S better than

Al 0o 3 5 7 9 11
03 (0.28,1.0) | (0.58,1.0) | (0.70,1.00) | (0.77,1.00) | (0.81,1.00)
(0.42, 0.87) | (0.65,0.93) | (0.75,0.95) | (0.80,0.96) | (0.84,0.97)
0.5 (0.00,1.00) | (0.31,1.00) | (0.49,1.00) | (0.59, 1.00) | (0.66, 1.00)
(0.08, 0.88) | (0.37,0.94) | (0.53,0.96) | (0.62,0.97) | (0.69, 0.97)
0.7 (0.00, 1.00) | (0.00,1.00) | (0.02,1.00) | (0.17,1.00) | (0.27, 1.00)
(0.00, 0.88) | (0.00,0.94) | (0.06,0.96) | (0.20,0.97) | (0.30,0.97)
0.8 (0.00,1.00) | (0.00, 1.00) | (0.00,1.00) | (0.00,1.00) | (0.00, 1.00)
(0.00, 0.89) | (0.00,0.94) | (0.00,0.96) | (0.00,0.97) | (0.00,0.98)
0.9 (0.00, 1.00) | (0.00, 1.00) | (0.00,1.00) | (0.00,1.00) | (0.00, 1.00)
(0.00, 0.89) | (0.00,0.94) | (0.00,0.96) | (0.00,1.00) | (0.00,0.98)
1 (0.00, 1.00) | (0.00, 1.00) | (0.00, 1.00) | (0.00,1.00) | (0.0, 1.00)
(0.00, 0.89) | (0.00,0.94) | (0.00,0.96) | (0.00,1.00) | (0.00,0.98)
1.1 (0.00, 1.00) | (0.00, 1.00) | (0.00, 1.00) | (0.00,1.00) | (0.00, 1.00)
(0.00, 0.89) | (0.00,0.94) | (0.00,0.96) | (0.00,1.00) | (0.00,0.98)
12 (0.00, 1.00) | (0.00, 1.00) | (0.00, 1.00) | (0.00,1.00) | (0.0, 1.00)
(0.00, 0.89) | (0.00,0.94) | (0.00,0.96) | (0.00,1.00) | (0.00,0.98)
13 (0.00, 1.00) | (0.00,1.00) | (0.02,1.00) | (0.17,1.00) | (0.27, 1.00)
(0.00, 0.88) | (0.00,0.94) | (0.06,0.96) | (0.20,0.97) | (0.30, 0.97)
1.5 (0.00, 1.00) | (0.31,1.00) | (0.49,1.00) | (0.59,1.00) | (0.66, 1.00)
(0.08, 0.88) | (0.37,0.94) | (0.53,0.96) | (0.62,0.97) | (0.69,0.97)
1.7 (0.28, 1.00) | (0.58,1.00) | (0.70,1.00) | (0.77,1.00) | (0.81, 1.00)
(0.42, 0.87) | (0.65,0.93) | (0.75,0.95) | (0.80,0.96) | (0.84,0.97)
1.9 (0.50, 1.00) | (0.72,1.00) | (0.81,1.00) | (0.85,1.00) | (0.88, 1.00)
(0.65, 0.85) | (0.80,0.92) | (0.86, 0.94) | (0.90, 0.96) | (0.92, 0.97)
2 (0.57,1.00) | (0.77,1.00) | (0.84,1.00) | (0.88,1.00) | (0.90, 1.00)

n.e. n.e. n.e. n.e. n.e.

Note : a) The bold figures in parentheses show the range of k for which the proposed

estimator o) is better than MMSE estimator T,

MMSE .o

- b) n.e stands for does not exit.
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Table 2.2 PRE of T{, ) with respect to unbiased estimator 7{, ) and MMSE
estimator 7, ), for different values of n =23,5,7,9 ; k=025
(0.25)0.75 and A

2 PRE of T ,yw.r.t Tivo) PRE of T, ) w.r.t. T) e )
k]l > 2 3 5 7 9 2 3 5 7 9
0.3 183.36) 93.35 4642  30.78 23] 116.73] 73.32) 41.02] 28.33 21.61
0.5 323.76) 173.26) 88.52| 59.23] 44.47] 206.11| 136.08 78.21| 54.52| 41.78
0.7 661.41| 403.59| 223.87| 154.37| 117.71| 421.07| 316.98] 197.8] 142.08| 110.6
0.8 981.18] 690.39| 428.72| 309.97| 242/55| 624.64] 542.23| 378.8| 285.28| 227.89
0.9 | 1382.08| 1203.57| 950.67| 784.12] 666.9 879.86) 945.28| 839.99| 721.7| 626.59
025] 1 1600  1600|  1600|  1600|  1600| 1018.59 1256.64] 1413.72| 1472.62] 1503.3
1.1 1382.08| 1203.57| 950.67| 784.12) 666.9 879.86) 945.28| 839.99| 721.7| 626.59
1.2 981.18] 690.39| 428.72| 309.97| 242/55| 624.64] 542.23| 378.8| 285.28| 227.89
1.3 661.41| 403.59| 223.87| 154.37| 117.71| 421.07| 316.98] 197.8 142.08| 110.6
15 323.76) 173.26] 88.52| 59.23] 44.47] 206.11| 136.08] 78.21| 54.52| 41.78
1.7 183.36] 93.35| 46.42  30.78 23] 11673 73320 41.02] 2833 2161
Range of 1] [0.06,1.94][ [0.33,1.67]| [0.54,1.46]| [0.63,1.37]| [0.68,1.32)] [0.24,1.76]| [0.41,1.59]| [0.57,1.43]] [0.64,1.36]| [0.69,1.31]
0.3 21523 1432 84.77] 60.02 46.42] 137.02| 11247 749 55.24] 43.61
0.5 278.17| 208.89| 138.06) 102.82| 81.8¢] 177.09| 164.06] 121.99| 94.64|  76.91
0.7 345.52) 300.89| 237.67| 196.03 166.72] 219.97| 236.32 210| 180.42| 156.65
0.8 373.8) 348.92| 306.85 27352 246.63 237.97| 274.04] 271.13] 251.74| 231.73
0.9 393.11| 385.88 371.78] 358.55| 346.18] 250.26| 303.07| 328.5 330| 325.26
05 1 400 400 400 400 400] 254.65| 314.16 353.43 368.16| 375.83
1.1 393.11| 385.88| 371.78| 35855 346.18] 250.26 303.07] 328.5 330] 325.26
1.2 373.8) 348.92| 306.85 27352 246.63 237.97| 274.04] 271.13] 251.74] 231.73
1.3 345.52| 300.89 237.67| 196.03 166.72} 219.97| 236.32 210| 180.42| 156.65
1.5 278.17| 208.89| 138.06) 102.82| 81.8¢] 177.09| 164.06] 121.99| 94.64|  76.91
1.7 21523) 1432 8477 6002 4642 137.02] 11247 749 55.24] 4361
Range of [0,2.3]| [0.1,0.9]|[0.38,1.62]| [0.5,1.5]|[0.57,1.43)§[0.07,1.93]|| [0.24,1.76]|| [0.43,1.57]] [0.52,1.48]|| [0.58,1.42]|
0.3 162.3 148.24] 1258 109.1| 96.28] 103.32] 116.43] 111.15 100.42] 90.46
0.5 169.53| 161.37| 146.83| 134.56| 124.16] 107.92] 126.74] 129.73] 123.85| 116.6§
0.7 174.72) 1715 16524 159.35 153.86] 11123  134.7 146 146.67| 144.56
0.8 176.4| 174.93 172| 1691 166.29] 112.3] 137.39) 151.95| 155.63| 156.24
0.9 177.43) 177.06] 176.29| 17552 174.76] 112.96| 139.06] 155.77| 161.55| 164.2
0.75] 1 177.78| 177.78| 177.78] 177.78| 177.78] 113.18| 139.63| 157.08] 163.62| 167.03
1.1 177.43) 177.08] 176.29| 17552 174.76] 112.96| 139.08] 155.77| 161.55| 164.2
1.2 176.4| 174.93 172| 1691 166.29] 112.3] 137.39) 151.95| 155.63| 156.24
1.3 17472 1715 165.24] 159.35 153.86] 111.23]  134.7 146| 146.67| 144.56
1.5 169.53| 161.37| 146.83| 134.56| 124.16] 107.92] 126.74| 129.73] 123.85| 116.66
1.7 162.3) 148.24) 125.8) 109.1] 96.28] 103.32] 116.43 111.15] 100.42]  90.4§)
Range of 2| 10,2.99]]  [0,2.3)[[0.04,1.96]| [0.24,1.76)| [0.34,1.66]| (0.18,1.82)| [0.18,1.82)] [0.18,1.82)| [0.3,1.7)[[0.38,1.62)
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3. Some modified shrinkage estimators for S.D. o
The MSE {T(m)} given by equation (2.3) is minimised for
-2J
(1 ) )Z +v,(n)
(o-0oy)

= 3.1)

(0 -0, )2 + 0'2v1 (n)

JAC .

opt

Now, replacing ¢ and o by their unbiased estimator T(M’J) and T(u o) = s*

(a)

respectively in (3.1), we get a consistent estimate of & opt 38
2
O = Fir) =) . (32)

opt

(T(u,o’) - O-O )2 + vl (n)SZ

Replacing o by its unbiased estimator T(u’a) in (3.1), we get

~ I, . —0O ’
k(g}zﬂ) _ (2(, ) 0) - (3.3)
(7,0 =00 ] + v () {1+, (m) }s

and replacing o by its unbiased estimator T(M) and o? by its MMSE estimator

n—1 )
T(MMSE,O-Z) = ( 1}92 in (3.1), we get

n+

2
kS) = i) =) . (3.4)

o n—1
) _
T —o,| +v,(n 52
( (u,o‘) 0) I( )[}’l-i-lj

Many more consistent estimators of k(();t) can be obtained. However, a more

flexible estimator of k(();,) can be obtained as :
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@ = (T(w) ~ 0 )2 ’ 35)

opt (T(u,g) o, )2 + alsz

where o, (= 0) is a suitably chosen constant.
Thus, the resulting modified shrinkage estimators of S.D. o are given by

T(l =g, + (T(u,o) - O_O) (3 6)
(s,o‘) 0 ~ > 5 .
(T(u,a) O, ) +v (VZ)S

3

(T(u,a) — 0y )3
() = 0 )+, (m)(1 4, (m))s”

: (3.7)

3
Tuo- _O-
T((3) = o, + ((, ) 0) , .

and

3

) o liy=o] (3.9)

(T(M) ~ 0y )2 +ays’

The biases and MSEs of the estimators T(E’l_ r i =1 to 4 are respectively
given by
3
. © T —-0o
Bias{T{",)} = (0, ~0) + | (T~ o)
(5»0') 0 { N -
° (T(u,cr)_o-o) t+Js

}f(s)ds (3.10)

and

S8

MSE{T((;’L)} = (O-O _0)2 + 2(0'0—0')

L

2 .
T(M)—ao) + Jsz}
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. Y
4 (T =) f(s)ds G.11)
0 {(T(u,a)_00)2+jsz}z_

where j = v, (n), v (m){l +v,(n)}, (1) Z+1

j and a,(=0) .

Now, transform the above expression in the form of A , for this we are using
(n - l)s g

transformation y = yan we have
o
MSE{T!) | =
. .
1
2 -
) ) Cs(n)y -4 [n_3]
o’ (/T—l)z+ 2/1_10? I\ 2 Jay
r 1
2 7 - 2
Cymy™ =4 +{ ]Jy
"

| 6
5
{CS(W ﬂ} '7)
PR °(}: N2 g (3.12)

n—1 2
T % i 2
2 Cs(my” -4 | + iy

where

)

“O T
2

5.0) w.r.t. unbiased estimator T(u o) and MMSE estimator

The PRE of T(({)

T( MMSE. ) for  different values of 1 = 1, 2, 3 and

-1
j=v,(n), v (n) {1 +v, (n)} and v, (n)(n—l) are given in the Tables 3.1, 3.2
n+
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()

s,0

and 3.3 respectively. It is observed that the proposed modified estimator T( ) is

better than T(u,a) and QMMSE,U) when A e [0.7,1.3] and 2<n<9. For fixed
A,the PRE{T").T;

s,a)’

)} and PRE {T((:Z,),T( MMSE’G)} decrease as n increases

u,o

and for fixed n these values decrease as 4 goes away from unity where PRE’s
(2)

5,0)

attain its maximum. Similar trend is found for T( and T((fc);) also. We also

observe that the gain in efficiency w.r.t. T( is lesser than T(u )" Tables

MMSE,c)

3.1, 3.2 and 3.3 show that the estimator T((Z) is the best (in the sense of having

5,0)

smallest MSE) among T(gjy),T(g()j) and T(g)j) followed by T(?‘)T) Thus, the
(2)

5.0) is to be preferred in practice when 4 moves in the

modified estimator T(
vicinity of unity and larger efficiency is observed when sample size n is small.

All the integration and gamma values are calculated using Gauss-Laguerre
integration formula (10 point) with the help of computer programs developed in
C++ platform.

Table3.1 PRE{T"),T,, } and PRE{T").T\pss0)}

u,oc

Al 0o 2 3 5 7 9
0.4 221.09 136.16 116.19 99.79 97.34
140.75 106.94 102.66 92.77 91.45
0.5 251.83 166.21 117.54 99.96 98.49
160.32 130.54 103.86 92.01 92.53
0.7 376.11 263.07 131.36 151.07 119.63
239.44 206.62 116.06 139.04 112.4
0.8 489.72 275.15 163.78 180.54 136.59
311.76 216.11 144.72 166.17 128.34
0.9 605.7 272.57 199.68 195.89 185.67
385.6 214.08 176.43 180.29 174.45
1 650.39 263.12 211.21 204 211.98
414.05 206.66 186.62 187.76 199.17
L1 613.81 244.21 203.74 176.27 196.91
390.76 191.81 180.02 162.24 185.01
12 542.48 213.59 180.2 141.54 156.23
345.35 167.76 159.22 130.27 146.79
13 464.72 178.39 145.56 121.04 111.02
295.85 140.11 128.61 111.41 104.31
1.5 321.31 127.85 94.51 89.13 77.01
204.55 100.41 83.51 82.04 72.36
1.7 212.99 104.99 77.25 71.32 70.49
135.6 82.46 68.26 65.65 66.23
Range of A [0, 2.1] [0.2,1.7] [0.25,1.42] | [0.57,1.42] | [0.55,1.32]
[0.1, 1.85] [0.3, 1.5] [0.37, 1.36] [06,1.36] | [0.6,1.31]
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Table3.2 PRE{T’)\.T,, )} and PRE{T). T\ pse o)
Al o 2 3 5 7 9

0.4 244 45 140.73 116 97.76 96.85
155.62 110.53 102.5 92.25 91

0.5 292.32 175.48 118.1 99.78 98.21
186.1 137.83 104.35 91.84 92.27

0.7 508.15 294 .55 135.09 152.63 120.29
323.5 231.34 119.36 140.48 113.02

0.8 729.82 318.93 170.12 185.01 138.98
464.62 250.49 150.31 170.28 130.58

0.9 984.12 320.8 208.46 203.88 190.35
626.51 251.95 184.19 187.65 178.84

1 1062.06 308.45 220.57 213.09 217.32
676.13 242.26 194.89 196.12 204.19

1.1 913.93 280.45 211.49 182.15 200.31
581.83 220.26 186.86 167.65 188.21

1.2 715.82 238.31 185.43 143.74 157.83
455.7 187.17 163.84 132.3 148.29

1.3 554.45 193.51 148.68 121.03 111.71
352.97 151.98 131.37 111.4 104.96

1.5 341.86 131.48 94.86 88.44 76.34
217.63 103.26 83.82 81.4 71.72

1.7 217.6 103.1 75.86 70.39 69.5
138.53 80.97 67.02 64.79 65.3

Range of A [0, 2] [0.08 , 1.72] [0.1,1.47] [0.51,1.42] | [0.52,1.33]
[0.06,1.85] | [0.3,1.52] [0.38 , 1.51] [0.58 ,1.35] | [0.59,1.31]

Note: Bold figures denote the PREs/ranges w.r.t. MMSE estimator
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Table 3.3 PRE{T(S(L),T(M)} and PRE{T(SL),T(MMSE’G)}

Al ns 2 3 5 7 9
0.4 164.72 122.18 114.92 102.04 98.65
104.86 95.96 101.54 93.91 92.69
0.5 176.47 139.68 114.61 100.19 99.09
112.35 109.71 101.27 92.22 93.1
0.7 209.87 191.84 120.46 145.15 117.24
133.61 150.67 106.44 133.59 110.16
0.8 240.44 191.66 145.36 166.05 128.78
153.07 150.53 128.44 152.83 120.99
0.9 271.08 188.67 174.48 172.53 170.61
172.58 148.18 154.17 158.79 160.3
1 286.91 185.34 184.12 177.95 194.78
182.65 145.57 162.69 163.78 183.01
11 291.1 179.22 180.25 158.82 185.33
185.32 140.76 159.27 146.17 174.13
1.2 287.18 165.85 163.51 134.87 150.46
182.83 130.26 144.48 124.13 141.37
13 275.62 146.84 135.35 121.15 108.45
175.46 115.33 119.59 1115 101.9
1.5 233.62 120.73 93.61 91.07 79.49
148.73 94.82 82.71 83.82 74.68
1.7 179.12 111.31 82.05 74.46 73.91
114.03 87.43 72.5 68.53 69.44
Rangeof 2 | [0.001,2] | [0.01,1.89] | [0.1,1.44] [0.45,1.43] | [0.53,1.30]
[0.35,1.77] | [0.5,1.40] | [0.58,1.37] [0.6,1.35] [0.6,1.3]

Note: Bold figures denote the PREs/ranges w.r.t. MMSE estimator

Expression (3.1) shows that the optimum value of k depends on the unknown
parameter o . Since o, is the guessed or prior value of o , one may replace o
by ao, ,where & is a positive constant. Thus, putting c=a o, (a >0),
in (3.1), we get

po_ _ (a-1y
(@—1) +v,(n)a’

opt

Thus, the resulting estimator of & is

]—v((*,aft) _ (l_CX)2 Y-V(u’g) +V1 (Vl)O'Odz (313)
; (1-a) +v (m)a’
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The bias of T((*;’)’ " is given by

S

Bias {14} =E(T 4"y

(1 - ﬂi)vl (n)o ¢’

(1-a) +v,(m)a®

The MSE of T((*"’p ) is given by

s,a)

MSE{T((:;‘;”)} = Var{ T(fféff’)} + [Bias{T((*’”])‘”)}]2

S,0

(1-a)'v,(n)o? +(1—/€)2(vl(n))20240'2
(1=af +vma?f  {1-af +vma*f

a’v,(n) {(l — 02)4 + (1—/{)2 12 (n)d4}
(-a) +vma?f

which is smaller than the variance of the conventional unbiased estimator T(uﬁ) if

1 - a) + (1= 2 voma* |
(=) +vma?f

ieif a< {1 + \/%{(1_2)2 o (n)}T

which shows that & should be between zero and one (i.e. 0 < & <1) for gain in

B

<1

efficiency.
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4. The suggested class of shrinkage estimators for inverse of standard
deviation o'

Let us define a class of estimator for o' as

T(S’Orl) =W T(u,o“l) +(1_W)O-(;1
= w(T(M,I) -0, )+o;' (4.1)

where W is a scalar such that 0 S W <1,

The bias and MSE of T(S o) are respectively given by

Bias {T(S,U,,)} =E (T(S,a,l))—orl

=o' (1-w)(A-1) (4.2)
and
MSE {T(w,])} = Var {T(S’G,,)} - [Bias {T(S’Jl)}]2
= o2 [w v, (n) +(1-w)(A -], (4.3)
where A" = 17",

From (1.7) and (4.3), we have
Var (T, o) = MSE\T, = &7 [va(n) (1-w) = (I=w (4 1)),
which is positive if

[v,(n) (1-w”) = (1-w) (A" =1)]>0,

it [{(ﬂ* 1)2%(,4)}}

-1+ vam |

ie. [{( -l _VZ(n)}} <1 (4.4)
{( —1 + v,(n) }
Further, from (1.18) and (4.3), we have
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MSE T}, 551 = MSET| .y >0,

MMSE ™!

if (o=d) <w < (ctd) | 4.5)
where

 (F-1y
T lam -}

WA C-%) )
Trv ol mm+( -1

4.1.PRE and Empirical Study

To see the performance of the proposed estimator T(S 1) over the usual

unbiased estimator T(u o) and MMSE estimator 7] ( ) we have computed

MMSE o™

the percentage relative efficiencies (PRE’s) of T(S o) with respect to T(u o) and

T (vrsso) using the formulae:
PRE\T, \\T, | = MSE (T, ) #100 = Var T} #100
b s | MSE(T, |
_ ! (4.6)
[w2 +{v, ()} (1-w) {ﬂ,* —1}2]
and
MSE(T,
PRET, T, | = U )}*100
(.07 " (aamase.o™) MSE T( |
_ 210 #100 _ @

v, (mw? +(1-w)’ {/1* - 1}2 ] {1+v, ()}
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for different w, A", n and findings are given in Table 4.2. It is observed that:

the proposed estimator T(S o) is better than the usual unbiased estimator

T(u o) and MMSE estimator T( with substantial gain in efficiency

MMSE, &™)

when A" € [0.70,1.30] = 4 €[0.77,1.43]and w €[0.25,0.75] .

larger gain in efficiency is observed when sample size n is small.

for fixed w and A°, the value of PRE decreases as n increases.

for fixed w and n, the value of PRE decreases as A~ goes away form
unity.

the gain in efficiency by using T(s o1 OVer MMSE estimator T(MMSE o) is

fewer than by using 7 ( _,) over unbiased estimator 7| ( 4 )
s,0 u,o

Thus, the proposed estimator is more beneficial when o, the guessed value

is close to the true value of o and when the sample size n is small.

The ranges of w (for different values of n and A" ) in which 7| (

than T(u afl)and T(

_1) is better
S,0

s, o) 1€ given in the Table 4.1 (using equations (4.4) and

(4.5)). Itis observed that the effective range of w becomes shorter as sample size

n goes up for fixed A, also for fixed n the effective range becomes shorter as A’
goes away from unity.
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Table 4.1 Range of w for which the proposed estimator T(

_1) is better than

5,0
T (u 071) and MMSE estimator T(MMSE 671).

A4 no 7 9 11 13 15
0.4 (0.46,1.00) (0.61,1.00) (0.70,1.00) (0.75,1.00) (0.79,1.00)
(0.53, 0.93) (0.66, 0.95) (0.73, 0.97) (0.78, 0.97) (0.81, 0.98)
0.5 (0.31,1.00) (0.49,1.00) (0.59,1.00) (0.66,1.00) (0.71,1.00)
(0.37, 0.94) (0.53, 0.96) (0.62, 0.97) (0.69, 0.97) (0.73, 0.98)
0.7 (0.00,1.00) (0.02,1.00) (0.17,1.00) (0.27,1.00) (0.36,1.00)
(0.00, 0.94) (0.06, 0.96) (0.20, 0.97) (0.30, 0.97) (0.38, 0.98)
0.8 (0.00,1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00)
(0.00, 0.94) (0.00, 0.96) (0.00, 0.97) (0.00, 0.98) (0.00, 0.98)
0.9 (0.00,1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00)
(0.00, 0.94) (0.00, 0.96) (0.00, 1.00) (0.00, 0.98) (0.00, 0.98)
1 (0.00,1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00)
(0.00, 0.94) (0.00, 0.96) (0.00, 1.00) (0.00, 0.98) (0.00, 0.98)
1.1 (0.00,1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00)
(0.00, 0.94) (0.00, 0.96) (0.00, 1.00) (0.00, 0.98) (0.00, 0.98)
12 (0.00, 1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00) (0.00,1.00)
(0.00, 0.94) (0.00, 0.96) (0.00, 1.00) (0.00, 0.98) (0.00, 0.98)
13 (0.00,1.00) (0.02,1.00) (0.17,1.00) (0.27,1.00) (0.36,1.00)
(0.00, 0.94) (0.06, 0.96) (0.20, 0.97) (0.30, 0.97) (0.38, 0.98)
15 (0.31,1.00) (0.49,1.00) (0.59,1.00) (0.66,1.00) (0.71,1.00)
(0.37, 0.94) (0.53, 0.96) (0.62, 0.97) (0.69, 0.97) (0.73, 0.98)
1.7 (0.58,1.00) (0.70,1.00) (0.77,1.00) (0.81,1.00) (0.84,1.00)
(0.65,0.93) (0.75, 0.95) (0.80, 0.96) (0.84,0.97) (0.86,0.98)
1.9 (0.72,1.00) (0.81,1.00) (0.85,1.00) (0.88,1.00) (0.90,1.00)
(0.80,0.92) (0.86, 0.94) (0.90, 0.96) (0.92, 0.97) (0.93, 0.97)
2 (0.77,1.00) (0.84,1.00) (0.88,1.00) (0.90,1.00) (0.92,1.00)

n.e. n.e. n.e. n.e. n.e.

Note : a) The bold figures in parentheses show the range of w for which the proposed

estimator T(G ) is better than MMSE estimator

T(MMSE,

4).b) n.e stands for does not exit.
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Table 4.2 PRE of T(s o) with respect to unbiased estimator T(u o) and MMSE

estimator T(M , for different values of n=2,3,5,7.9 ; w=0.25

SE,G_I)

(0.25) 0.75 and 2"

. PRE of T(w) wort T PRE ofT(M) W t. T(MWE’G,,)
wl i n> 7 9 11 13 15 7 9 11 13 15

0.3 46.42 | 30.78 23 18.36 | 1527 | 41.02 | 28.33 | 2161 | 17.46 | 14.65

0.5 88.52 || 59.23 | 44.47 | 3559 | 2966 | 7821 | 5452 | 41.78 | 33.86 | 28.45

0.7 223.87 | 154.37 || 117.71 | 95.1 79.76 | 197.8 | 142.08 | 1106 || 90.47 | 76.51

0.8 428.72 || 309.96 | 242.55 | 199.17 | 168.93 | 378.8 | 285.28 | 227.89 | 189.47 | 162.05

0.9 950.67 | 784.12 | 666.9 || 580.06 | 513.18 | 839.99 | 721.7 || 626.59 || 551.81 | 492.26
0.25] 1 1600 1600 1600 1600 1600 |1413.72(1472.62| 1503.3 | 1522.09 | 1534.78
1.1 950.67 | 784.12 | 666.9 | 580.06 | 513.18 | 839.99 | 721.7 | 626.59 || 551.81 | 492.26

1.2 428.72 || 309.96 | 242.55 | 199.17 | 168.93 | 378.8 | 285.28 | 227.89 | 189.47 | 162.05

1.3 223.87 | 154.37 || 117.71 | 95.1 79.76 | 197.8 | 142.08 | 110.6 || 90.47 | 76.51

15 8852 | 59.23 | 44.47 | 3559 | 29.66 | 7821 | 5452 | 41.78 | 33.86 | 28.45

1.7 46.42 | 30.78 23 18.36 | 1527 | 41.02 | 2833 | 2161 | 17.46 | 14.65
Range of 2"|[0.54,1.46]([0.63,1.37]([0.68,1.32]([0.71,1.29]/[0.74,1.26]][0.57,1.43]| [0.64,1.36]|[[0.69,1.31]|[[0.72,1.28]|{[0.75,1.25]

0.3 8477 | 60.02 | 4642 | 37.83 | 31.92 74.9 55.24 | 4361 | 3599 | 30.62

0.5 138.06 || 102.82 | 81.86 | 67.98 | 5812 | 121.99 | 9464 | 76.91 | 64.67 | 55.75

0.7 237.67 | 196.03 || 166.72 | 145.01 | 128.3 210 || 180.42 | 156.65 | 137.95 | 123.07

0.8 306.85 | 273.52 | 246.63 | 224.53 | 206.05 | 271.13 | 251.74 | 231.73 | 213.6 | 197.65

0.9 371.78 | 358.55 || 346.18 || 334.62 | 323.81 | 328.5 330 | 325.26 | 318.33 | 310.61

05] 1 400 400 400 400 400 | 353.43 | 368.16 | 375.83 | 380.52 | 383.69
1.1 371.78 | 358.55 || 346.18 | 334.62 | 323.81 | 328.5 330 | 325.26 | 318.33 | 310.61

1.2 306.85 | 273.52 | 246.63 | 224.53 | 206.05 | 271.13 | 251.74 | 231.73 | 213.6 | 197.65

1.3 237.67 | 196.03 || 166.72 | 145.01 | 128.3 210 || 180.42 | 156.65 | 137.95 | 123.07

15 138.06 || 102.82 | 81.86 | 67.98 | 5812 | 121.99 | 9464 | 76.91 | 64.67 | 55.75

1.7 84.77 | 60.02 | 4642 | 37.83 | 31.92 74.9 5524 | 4361 | 35.99 | 30.62
Range of 1°][0.38,1.62]|| [0.5,1.5] [[[0.57,1.43]|[0.61,1.39]([0.65,1.35]|[0.43,1.57](|[0.52,1.48][[0.58,1.42]([0.63,1.37](|[0.66,1.34]

0.3 1258 || 109.1 | 96.28 | 86.15 | 77.93 | 111.15 | 100.42 | 90.46 | 81.95 | 74.76

0.5 146.83 | 134.56 | 124.16 | 115.24 | 107.51 | 129.73 | 123.85 | 116.66 | 109.63 | 103.12

0.7 165.24 | 159.35 | 153.86 | 148.72 | 143.91 146 | 146.67 | 144.56 | 141.48 | 138.05

0.8 171.98 | 169.09 | 166.29 | 163.57 | 160.95 | 151.95 | 155.63 | 156.24 | 155.61 | 154.38

0.9 176.29 | 17552 | 174.76 | 174 | 173.25 | 155.77 | 161.55 | 164.2 | 165.53 | 166.19
0.75] 1 177.78 | 177.78 | 177.78 | 177.78 | 177.78 | 157.08 | 163.62 | 167.03 | 169.12 | 170.53
1.1 176.29 | 17552 | 174.76 | 174 | 173.25 | 155.77 | 161.55 | 164.2 | 165.53 | 166.19

1.2 171.98 || 169.09 | 166.29 | 163.57 | 160.95 | 151.95 | 155.63 | 156.24 | 155.61 || 154.38

1.3 165.24 | 159.35 | 153.86 | 148.72 | 143.91 146 | 146.67 | 144.56 | 141.48 | 138.05

15 146.83 | 134.56 | 124.16 | 115.24 | 107.51 | 129.73 | 123.85 | 116.66 | 109.63 | 103.12

1.7 1258 | 109.1 | 96.28 | 86.15 | 77.93 | 111.15 | 100.42 | 90.46 | 81.95 | 74.76
Range of 1"|[0.06,1.94]([0.24,1.76]||[0.33,1.67](|[0.42,1.58]||[0.46,1.54]| [0.18,1.2] || [0.3,1.7] [[0.38,1.62]([0.44,1.56]([0.49,1.51]
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5. Improved classes of estimators for estimating the inverse
of standard deviation (i.e. o)

Minimizing the MSE {T(S ,l)} , given by equation (4.3) with respect to w we

,O

get the optimum value of w as

o (=2
Worr (1—/1* )2 + v, (n)
(a’l _061)2

= (5.1)

5 .
(o’1 —0'0_1) + 07 v, (n)
Now, replacing o' and o “by their unbiased estimator T(u o) and

(c)

n—3
T(u o) = ( jsz respectively in (5.1), we get a consistent estimate of w

- opi S
(7,,y-o0'f
Wy = o) . (5:2)
(T( I)—0'01)2+{n_3}vz(n)s2
"o n—1
Replacing o' by its unbiased estimator T(u o) in (5.1), we get

-1

~ (02) _ (Yv(u,o") O_O )2 (5 3)

opt s .

(7, =00 f +vam) fes ) s

and replacing o' by its unbiased estimator T(u ) and o> by its MMSE

n—=5)\ .
estimator T(MMSE,J'Z) = ( o jS ?in (5.1), we get

A(()Ic;) _ (T(u,aﬂ B 061 )2 . (5.4)

(T(u,a-') -0, )2 +v2(n){n _S}S_z

n—1
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Many more consistent estimators of W(();z can be obtained. However, a more

flexible estimator of Wf);z can be obtained as :

~(8) (T(u,o:l) _551)2
opt :
' (T(u,afl)_aal)z + s

where f,(=0) is a suitably chosen constant.

(5.5)

Thus, the resulting modified shrinkage estimators of the inverse of S.D. o

are given by

T -0,
Ty =03'+ (o) .66
(T(u o) —0'0_1)2 + {n—?)} v,(n)s~’
’ n—1
T(z) _ oy (T(u,g*‘)_o-oil)3 57
) 0 9 T (5.7
(7= 00" f + e o) s
T -0,
Ty = o0+ -0} 539)
(T(u o) O'(;l)z + {n—S} v,(n) s~
’ n—1
and
T, -0,
Ty =o'+ - ) (59)

{<T(MI) Ry S_z}

The biases and MSE’s of the estimators 7| ((i) 71) , 1=1 to 4 are respectively
Res

S

given by

Bias {TE"L,I } = (O'(;I —o"') ] (T(u,o*‘)_ 0-0_1)J
(s0) J{@@w_%¢+fs

} f(s)ds (5.10)

and
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o (1, yme)
] oo 2
i {(T(u,gl)—dol)zﬂ'sz}

n-—3

—1] v,(m){c,(n) ), vz(n>[

S(s)ds (5.11)

”‘5} (5, 20).
n—1

Now, transform the above expression in the form of A°, for this we are using

(n—l)s2

20°

where j'=v, (n)(

transformation y = , we have MSE {T(E’?’,I)} =

3
_ 1
2 *
{Cs(")y ]”J [n73]
e Yy 2 d
2
_ 1 .
. 1) v
{CG(”” : i} +["2 ]«’(y)

6
_L
Comy -2 b3
)_y 2

(5.12)

._]
]
3
|
N— |
o .8
(8]
Iy
<
&
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The PRE of T((i) _1) w.r.t unbiased estimator T( _1) and MMSE estimator
5,0

u,o
- g n-—3 5
T(MMSE,U_I) for different values j =v, (n)[ﬁj , v,(n) {Cz (n)} and

-5
v, (n)(n 1) respectively for i=1,2,3 are given in the Tables 5.1, 5.2 and 5.3. It

n —
is observed that the proposed modified estimators T((i)
§,0

_1) are better than 7| (u,a_l)

when A" €[0.7,1.3]= 1 €[0.77,1.43]and 7 < n <15. For

and T( 4
MMSE, )
* (i) (i)
fixed A , the PRE{T(S’U,I),T(%U,,)} and PRE{T(.V,G*‘)’T(MMSE,U*I)} decrease

as n increases and for fixed n these values decreases as A goes away from unity
where PRE’s attain its maximum. We also observe that the gain in efficiency

W.I.t. T( ;) is lesser than 7y _|\. Tables 5.1, 5.2 and 5.3 show that the
MMSE,c ) ( )

u,o
estimator T((z)
5,0

71) is the best (in the sense of having smallest MSE) among

T(glll),Téz;l) and T((Sc)rl) followed by T((l)gl). Thus, the modified estimator
()

S, s

T(2 _1) is to be preferred in practice when A" moves toward unity and larger
s,0

efficiency is observed when sample size n is small.

Expression (5.1) shows that the optimum value of w depends on the

-1 . -1 . . -1
unknown parameter o . Since o, 1is the guessed or prior value of o , one

may replace o' by ,3(7(; ' where ﬂ is a positive constant. Thus, putting o'

= ﬁdgl (,3 >0),in (5.1), we get

k) = — (é_l)z — .
" (B -1) v,

Thus, the resulting estimator of &' is

peay _ U=BL T vy B
(- BY + v, 00°)

The bias of T((*’”f’,’)) is given by

S,0

(5.13)

5,0
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(1= 2 () B |
(0= 7 +v

Bias {T((*’oﬁtf} = -

S,0

The MSE of T((*’Opz) is given by

5.0
o"zvz(n) {(l—ﬂ“r + (1 —ﬁ*)zvz(n)ﬂ”4 }
(1= BF +va*f

which is smaller than the variance of the conventional unbiased estimator T( 71)
u,o

(1) - ,
if
{(1—'5')4 +(1—,1*)2v2(n)'ﬁ“4}
{(1 —,B")2 +v2(n),B"2 }2

ie if f< {1 + \/%{(1_,1*)2 _ vz(n)}} : (5.14)

which shows that ﬂ should be between zero and one (i.e. 0 < ,B <1) for gain in
efficiency.

<1
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Table 5.1 PRE(T") \,T; .} and PRE{T!) )\ T, )
A o 7 9 11 13 15
0.3 99.4 98.41 97.72 97.26 99.91
92.24 94.26 94.63 95.38 95.83
0.5 103.92 97.64 94.37 93.43 93.08
91.82 89.87 88.67 88.88 89.28
0.7 136.25 121.72 109.18 103.69 96.33
120.38 112.03 102.58 98.65 924
0.8 170.34 160.61 140.94 132.5 131.37
150.5 147.82 132.42 126.05 126.02
0.9 211.78 196.21 203.14 176.64 180.62
187.12 180.59 190.87 168.04 173.26
1 22512 216.16 228.07 216.34 206.5
198.91 198.96 214.28 205.81 198.08
1.1 214.58 191.31 206.74 1941 164.49
189.6 176.08 194.24 184.65 157.78
1.2 194.02 156.21 152.7 167.13 129.54
171.43 143.77 143.47 158.99 124.26
1.3 163.63 139.9 109.48 127.92 118.46
144.58 128.76 102.86 121.69 113.63
L5 104.83 121.61 88.44 77.53 85.6
92.63 111.92 83.1 73.76 82.12
1.7 82.11 914 88.81 74.19 71.38
72.55 84.12 83.44 70.57 68.47
Range of A [0.45, 1.51] [0.58, 1.57] [0.65, 1.34] [0.69, 1.37] [0.73,1.39]
[0.6,1.46] | [0.65,1.56] [0.69, 1.31] [0.71,1.35] | [0.74,1.39]
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Table5.2 PRE{T{")..T;, .y} and PRE{TC)\ T )
A o 7 9 11 13 15
0.3 99.68 95.8 95.28 99.93 99.65
91.61 93.7 94.22 95.06 95.59
0.5 104 97.12 93.8 92.91 92.62
91.89 89.39 88.13 88.38 88.85
0.7 139.96 123.04 109.56 103.76 96.33
123.67 113.25 102.94 98.71 92.4
0.8 178.8 163.98 143.28 133.55 132.03
157.98 150.93 134.62 127.04 126.65
0.9 225.48 204.02 208.44 180.73 183.19
199.23 187.78 195.85 171.93 175.73
1 240.15 227.22 235.05 222.48 211.42
21219 209.13 220.85 211.65 202.81
1.1 226.45 199.72 21219 197.5 167.43
200.08 183.82 199.36 187.89 160.61
1.2 202.1 160.24 155.62 168.22 130.2
178.57 147.49 146.21 160.03 124.89
1.3 168.75 141.03 110.68 128.28 118.09
149.1 129.8 103.99 122.03 113.28
L5 106.78 120.63 87.75 77.32 85.29
94.35 111.02 82.45 73.56 81.82
1.7 81.9 90.85 87.56 73.37 70.85
72.36 83.62 82.27 69.79 67.96
Range of A [0.41,1.53] [0.58, 1.60] [0.65, 1.34] [0.69, 1.37] [0.72,1.41]
[0.59,1.46] | [0.65,1.57] [0.69, 1.31] [0.71,1.36] | [0.74,1.39]

Note: Bold figures denote the PREs/ranges w.r.t. MMSE estimator
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Table 5.3 PRE{T{") 7|, .y} and PRE{TC) .\ T )
A o 7 9 11 13 15
0.3 99.1 99.34 98.13 97.10 96.95
92.41 95.57 95.83 96.37 96.64
0.5 102.16 99.25 96.41 95.37 94.8
90.27 91.34 90.58 90.73 90.93
0.7 119.86 1154 107.49 103.22 96.25
105.9 106.21 100.99 98.2 92.33
0.8 134.79 146.49 130.97 128.21 128.5
119.09 134.83 123.06 121.96 123.26
0.9 158.34 166.19 181.79 160.51 170.33
139.91 152.96 170.81 152.69 163.38
1 167.83 175.13 200.82 192.64 187.55
148.29 161.19 188.68 183.26 179.91
1.1 166.88 159.09 184.95 180.27 152.89
147.45 146.42 173.77 171.49 146.66
1.2 158.82 139.72 140.63 162.01 126.81
140.33 128.6 132.13 154.12 121.64
1.3 140.34 134.25 104.46 126.02 119.8
124 123.56 98.15 119.88 114.92
L5 95.95 124.58 91.46 78.49 86.76
84.78 114.66 85.93 74.67 83.22
1.7 84.4 93.08 93.97 77.74 73.65
74.57 85.67 88.29 73.96 70.65
Range of A [0.44 ,1.47] [0.6, 1.65] [0.64, 1.32] [0.69, 1.37] [0.72,1.42]
[0.65,1.40] | [0.67,1.60] [0.70, 1.25] [0.71,1.35] | [0.75,1.40]

Note: Bold figures denote the PREs/ranges w.r.t. MMSE estimator

6. Simulation study

In this section we have carried out a simulation study in order to see the

performance of various proposed estimators T((q’)g) (i=1, 2, 3) relative to unbiased

and MMSE.

For simulation study a random sample of 10 observations is generated from a
normal population with mean g =20 and standard deviation o= 5 (see, Table

6.1, using SPSYS), if the prior estimate of standard deviation o 1is available from

the past behaviour of the population as o= 4, i.e. 4=0.8 and A =125.
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Table 6.1 Simulated data from N(20 , 25)

22.13 16.03 15.85 17.71 25.37
24.73 23.68 11.93 25.91 22.93

The different parametric functions are estimated using their usual estimators
and developed modified estimators T(E,")e) , T(%) and T(%) , Where 6 may be o and

o' and gain in efficiency with respect to conventional unbiased estimator,

MMSE estimator and themselves (i.e. T(El)g) ,T(Ei;) and T(SQ,)) are given in Table
6.2.
It is observed from Table 6.2 that the proposed classes of estimators are more

efficient than the usual unbiased and MMSE estimators with considerable gain in
efficiency.
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Table 6.2 Simulation Results

( ) PRE of
Parametric . . RV or 1
Function True Value]Estimator used| Estimate RMSE T( , 9) T(z) T(3)
(s,@) (5,9)
Unbiased 4.9925 0.057 139.71 141.44 132.87
MMSE 4.7232 0.0539 132.11 133.75 125.64
T(l) 4.4197 0.0408 100 101.24 95.105
Standard 5 (S .0 )
Deviation 7@ 44063 | 0.0403 | 98.775 100 93.939
(0) (5.0) ' ' ' '
T(?é) 4.4489 0.0429 105.15 106.45 100
Unbiased 3.983 0.057 139.71 141.44 132.87
MMSE 3.769 0.0539 132.11 133.75 125.64
o T(l) 3.526 0.0408 100 101.24 95.105
Mean Deviation| 3.9894 (S ’9)
about Mean (2)
Tis 9) 3.516 0.0403 98.775 100 93.939
Tig?’;) 3.550 0.0429 105.15 106.45 100
Unbiased 0.094 0.07379 126.79 129 117.88
MMSE 0.088 0.06872 118.08 120.14 109.78
**Process 7 0107 | 0.0582 100 10175 | 92.971
Capability 0.1 (S’H)
Ind
neex T((Yz;) 0107 | 00572 | 98.28 100 | 91.374
T((jg,) 0.104 0.0626 107.56 109.44 100
Unbiased 0.2496 0.057 139.71 141.44 132.87
MMSE 0.2362 0.0539 132.11 133.75 125.64
) T(l) 0.2198 0.0408 100 101.24 95.105
Coefficient 0.25 (5’9)
of Variation (2)
T(S 9) 0.2203 0.0403 98.775 100 93.939
T(ESg) 0.2224 0.0429 105.15 106.45 100

Note: ** Specification limits are set as 20t 1.5 so that USL=21.5 and LSL=18.5. 6 can
be o or &’ as the case.
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